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Abstract
Our interest is to find the difference of the behavior between black holes with
three different topologies. These black holes have spherical, hyperbolic and toroidal
structures. We study in this paper the behavior of a probe D5-branes in this nontrivial
black hole spacetime. We would like to find the solution what describe the embedding
of probe D5-brane. This system realizes an “interface” solution, a kind of non-local
operators, on the boundary gauge theories. These operators are important to deepen
understanding of AdS/CFT correspondence.
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1 Introduction
The AdS/CFT correspondence [1] is an important method to study the properties
of the superstring theory. If this correspondence is true, it allows one to use weak-
coupling perturbative methods in one theory to study the other side of dual theory.
However this correspondence is not proved yet. Then we would like to find more
examples and find the evidence of this conjecture.
Generally the gravity theory has a good approximation in the region λ 1 while
the gauge theory approximation is valid for λ  1. Then to confirm this correspon-
dence we have to compare the results from both theories and it is usually difficult. To
overcome this difficulty non-local operators give us the good method. These nonlo-
cal operators give a new parameter k, which appears in the result of the calculation
of physical quantities in the combination of λ/k2, where λ is the ’t-Hooft coupling
constant. The physical quantities are expanded by the combination of λ/k2 and by
taking large k limit we can compare the results from gauge and gravity theories. The
non-local operators are used many research so far, for example, surface operator for
the AdS/CFT senanrio [2, 3, 4, 5] and line operators in mirror symmetry [6].
One of these non-local operators is an “interface.” It separates the 4-dimensional
space where gauge theories exist. In the gravity side this non-local operator is realized
by a probe D5-brane which does not affect the spacetime geometry. The AdS spacetime
is formed by multiple N D3-branes. In this case the former parameter k corresponds
to the number of D3-branes ending on the D5-brane. Then there are different number
of D3-branes separated by the D5-brane and on the AdS boundary the gauge group
SU(N) and SU(N − k) is realized. Our past research [7] gives an example of these
calculations. We consider the potential energy between an interface and a test particle
which is an edge of a fundamental string ending on this interface. The classical gauge
theory solution is fuzzy funnel solution and the potential energy between the particle
and the interface is calculated as the expectation value of a Wilson loop operator. In
gravity theory, on the other hand, the corresponding quantity is calculated from the
on-shell action of the fundamental string. We confirm the both results agree in the
first order of the expansion.
On the other hand, black holes are important object to understand a quantum
theory of gravity. Our goal of this paper is to generalize the above solution to the black
hole spacetime, especially a black hole whose event horizon has surfaces of non-trivial
topology. These black holes are known as topological black holes [8, 9, 10]. Such black
holes also can have the angular momentum [11] and can be an interesting research
theme as well as the usual spherical black holes. For example, thermodynamics of
these black holes is studied in [12]. Such a spacetime has the asymptotic AdS structure
[13, 14] and then to be very important for finding a new example of the AdS/CFT
dualities. These solutions are distinguished by the horizon geometry of a (d − 2)-
dimensional Einstein manifold which has positive, zero, or negative curvature.
The construction of this paper is as follows: We first study the case of static case
in Section 2. These black holes are with positive, negative and zero curvatures. Such
three different topologies are distinguished by parameter k. In the above we used k
for counting the number of D3-branes or gauge groups but it is not confusing since we
use parameter k = ±1 to distinguish these three topologies for the most part of this
paper except the last section where we discussed boundary gauge theories. In Section
3 we study more general case where black holes with an angular momentum. In this
case these three kind of topology show very different behavior. This is what we want
to show in this paper.
2
2 Static topological black hole cases
2.1 Static topological black holes
The metric of the asymptotically AdS black hole spacetime
ds2k,d+1 = −fk(r)dt2 +
dr2
fk(r)
+ r2dΣ2k,d−1, (1)
with the angular part
dΣ2k,d−1 =

dθ2 + sin2 θdΩ2d−2, (k = +1),
dθ2 + sinh2 θdΩ2d−2, (k = −1),
dθ2 + dΩ2d−2, (k = 0),
(2)
and the metric function fk(r) is
fk(r) = k + r
2 − r
d−2
m
rd−2
, rm =
16piGd+1M
(d− 1)Σk,d−1 . (3)
We define a function sk(θ) such that
sk(θ) =

sin2 θ (k = +1),
sinh2 θ (k = −1),
1 (k = 0),
(4)
where the variable θ varies in the range 0 ≤ θ ≤ pi for spherical and the toroidal cases
and periodically identified for the toroidal case. By this notation, we write the angular
part as dΣk,d−1 = dθ2 + sk(θ)dΩ2d−2 in the following.
We choose the coordinates as (t, r, θ, φ, ψ) on AdS5 and (ϕ, χ, χ1, χ2, χ3) on S
5.
We consider a D5-brane which extends to the directions t, φ, ψ in AdS5 and ϕ and χ
in S5 planarly and appears a one-dimensional object in (r, θ) plane. It is convenient
to choose the radial coordinates y = 1/r where y = 0 corresponds to the infinity. In
these coordinates, the metric is
ds2k,5|ind =
1
y2
(
− Fk(y)dt2 + dy
2
Fk(y)
+ dΣ2k,3
)
, (5)
where we defined a new metric function as
Fk(y) := y
2fk(y
2) = 1 + ky2 − rd−2m yd. (6)
It goes to zero in the limit y → 0. Then it certainly recovers the flat AdS spacetime
sufficiently far from black holes.
There is a gauge flux on the D5-brane we assume it extends on the S2 subspace
on S5. Then our assumption is
F = −κ dvol[S2] = −κ sinϕdϕ ∧ dχ. (7)
Since the D5-brane describes one-dimensional subspace on (y, θ)-plane, it is written
by one parameter expression:
y = y(σ), θ = θ(σ). (8)
By this assumption, the induced metric for the AdS part is
ds2AdS|ind =
1
y2
(
− Fk(y)dt2 +
( y′2
Fk(y)
+ θ′2
)
dσ2 + sk(θ)(dφ
2 + sin2 φdψ2)
)
. (9)
The sphere direction is
ds2S5 |ind = dϕ2 + sin2 ϕdχ2. (10)
The summation of the metric and the flux is,
(gk + F)|ind = 1
y2
diag
[
− Fk, y
′2
Fk
+ θ′2, sk, sk sin2 φ
]
⊕
[
1 −κ sinϕ
κ sinϕ sin2 ϕ
]
. (11)
3
2.2 D5-brane action and equation of motions
The D5-brane action consist of the DBI part and the Wezz-Zumino part:
S = SDBI + SWZ, (12a)
SDBI = −T5
∫ √
−det(gk + F)ind, (12b)
SWZ = T5
∫
F ∧ C4. (12c)
The DBI action is by the calculation of the determinant√
−det(gk + F)ind = 1
y4
√
y′2 + θ′2Fk sk sinφ
√
1 + κ2 sinϕ. (13)
Let us compute the Wezz-Zumino part. In this expression C4 is the Ramond-
Ramond 4-form which satisfies dC4 = 4dvol[AdS]+4dvol[S
5]. The volume form of the
AdS spacetime is
dvol[AdS] = − 1
y5
sk sinφdtdydθdφdψ.
We find the C4 as
C4 = − 1
y4
sk sinφdtdθdφdψ + 4α4, (14)
where α4 is the 4-form on the S
5 which satisfies dα4 = dvol[S
5].
Taking the product with gauge flux F ∧ C4, α4 part vanishes and gives
F ∧ C4 = κ
y4
sk sinφ sinϕdtdθdφdψdϕdχ, (15)
where the first sine is from the AdS and the second one is from the sphere part.
The D5-brane action is
S = −T5
∫
AdS
dtdσdφdψ
∫
S2
dϕdχ
sk sinφ sinϕ
y4
(√
1 + κ2
√
y′2 + θ′2Fk − κθ′
)
= −(4pi)2T5∆t
∫
dσ
sk
y4
(√
1 + κ2
√
y′2 + θ′2Fk − κθ′
)
. (16)
In the above we performed the integral in the angular directions. The Lagrangian is,
eliminating the whole constant factor,
L(σ) = sk(θ)
y4
(√
y′2 + θ′2Fk − κ˜θ′
)
, (17)
where we defined κ˜ := κ(1 + κ2)−1/2.
The derivative by each variable is as follows. For y,
∂L
∂y′
=
sk
y4
y′√
y′2 + θ′2Fk
, (18a)
∂L
∂y
= −4sk
y5
(
√
y′2 + θ′2Fk − κ˜θ′) + sk
y4
θ′2∂Fk
2
√
y′2 + θ′2Fk
. (18b)
For θ,
∂L
∂θ′
=
sk
y4
( θ′Fk√
y′2 + θ′2Fk
− κ˜
)
, (19a)
∂L
∂θ
=
∂sk
y4
(√
y′2 + θ′2Fk − κ˜θ′
)
. (19b)
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In the above expressions by ∂ we mean the derivative by y for Fk(y) and that by θ for
sk(θ).
Let us fix the gauge freedom as
√
y′2 + θ′2Fk = 1. The above equations are sim-
plified as
∂L
∂y′
= y′
sk
y4
, (20a)
∂L
∂y
= −4(1− κ˜θ′)sk
y5
+
1
2
θ′2∂Fk
sk
y4
, (20b)
∂L
∂θ′
= (θ′Fk − κ˜)sk
y4
, (20c)
∂L
∂θ
= (1− κ˜θ′)∂sk
y4
. (20d)
The equations of motion are
d
dσ
(
y′
sk
y4
)
+ 4(1− κ˜θ′)sk
y5
− 1
2
θ′2∂Fk
sk
y4
= 0, (21a)
d
dσ
(
(θ′Fk − κ˜)sk
y4
)
− (1− κ˜θ′)∂sk
y4
= 0. (21b)
By dividing by the common factor, the equations are
y′′ + y′
d
dσ
log
sk
y4
+
4
y
(1− κ˜θ′)− 1
2
θ′2∂Fk = 0, (22a)
θ′′Fk + θ′y′∂Fk + (θ′Fk − κ˜) d
dσ
log
sk
y4
− (1− κ˜θ′)∂ log sk = 0. (22b)
We fixed the gauge y′2+θ′2Fk = 1. Let us confirm it is preserved along the solution.
By differentiating by σ,
d
dσ
(y′2 + θ′2Fk) = 2y′y′′ + 2θ′θ′′Fk + θ′2y′∂Fk. (23)
Substituting the equation of motion,
d
dσ
(y′2 + θ′2Fk) = 2y′
(
− y′ d
dσ
log
sk
y4
− 4
y
(1− κ˜θ′) + 1
2
θ′2∂Fk
)
+ 2θ′
(
− θ′y′∂Fk − (θ′Fk − κ˜) d
dσ
log
sk
y4
+ (1− κ˜θ′)∂ log sk
)
+ θ′2y′∂Fk
= −2(y′2 + θ′2Fk − κ˜θ′) d
dσ
log
sk
y4
+ 2(1− κ˜θ′) d
dσ
log(y−4) + 2(1− κ˜θ′) d
dσ
log sk
= −2(y′2 + θ′2Fk − 1) d
dσ
log
sk
y4
, (24)
where the last expression is zero if we use the gauge condition. By this calculation we
confirmed that the gauge condition y′2 + θ′2Fk = 1 is satisfied along the surface.
The equations are summarized as
y′′ + y′θ′∂ log sk +
4
y
(1− y′2 − κ˜θ′)− 1
2
θ′2∂Fk = 0, (25a)
θ′′Fk + θ′y′∂Fk + (θ′2Fk − 1)∂ log sk − 4
y
(y′θ′Fk − κ˜y′) = 0. (25b)
2.3 Behavior in specific regions
No flux case We can see that when κ˜ = 0, y = σ and θ = const can be a solution
for the first equation and the second equation is satisfied as long as ∂ log sk = 0. The
function ∂ log sk is 2 cot θ, 2 coth θ or 0 for S, H and T cases, respectively (see Eq.(4)).
This condition is always satisfied for T. For S constant θ must be fixed to θ0 = pi/2
and for H there is no such a solution (cothx > 1). Such solutions are depicted by red
dashed lines in Figure 1.
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Boundary behavior As go to the infinity, the metric function approaches Fk → 1
and ∂Fk = 2ky−drd−2m yd−1 → 0 (d = 4) for all cases (S, H and T). Since this spacetime
approaches flat AdS at infinity, the solution must approach the one on the flat AdS
space shown in [7]. It was x3 = κy, where x3 is a usual Cartesian coordinate and y
is the radial direction. In our coordinates it is κy = x3 = X3y = (r cos θ)y = cos θ.
2
That is cos θ = κy. Expanding near θ0 = pi/2 gives κy = cos(pi/2− δθ) ∼ sin δθ ∼ δθ
and δθ ∼ κy. Then we have δθ′(σ) ∼ κy′(σ). The gauge condition becomes 1 =
y′2 + δθ′2Fk = (1 + κ2)y′2. By solving it for y′,
y′(σ = 0) =
1√
1 + κ2
, δθ′(σ = 0) =
κ√
1 + κ2
. (29)
We impose the boundary condition where y(σ = 0) = 0, θ(σ = 0) = pi/2 and their
first derivatives are given above.
Figure 1: D5-brane in AdS black hole spacetime
2.4 Numerical results
The results of the numerical calculation is shown in Figures 2, 4 and 5. In this plot
the vertical axis δθ is the displacement from the trivial solution: δθ = θ − pi/2. We
summarize the main result.
1. The trivial solution θ = constant can exist for spherical and the torus cases and
for hyperbolic case there is no such a solution.
2 In coordinates Xi; (i = 0, 1, · · · 5), the metric is
ds2 = −dX20 − dX25 +
4∑
i=1
dX2i , −X20 −X25 +
4∑
i=1
X2i = −`2AdS. (26)
By the coordinate transformation,
X0 =
1
2y
(x2 + y2 + 1), X5 =
x0
y
, Xi =
xi
y
; (i = 1, 2, 3), X4 =
1
2y
(x2 + y2 − 1), (27)
this metric becomes
ds2 =
dy2 + ηµνdx
µdxν
y2
. (28)
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2. For sphere case the above constant must be pi/2 and for torus case this constant
can take arbitrary values between 0 ≤ θ ≤ pi (θ is periodically identified with
periodicity pi).
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Figure 2: Sphere case with different fluxes
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Figure 5: Toroidal case with different fluxes
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3 Rotating topological black hole cases
3.1 Three kinds of topology
The rotating topological black hole solution is given in [11]. Before the detailed anal-
ysis, let us review these solutions. We use the coordinates where the metric for S3
subspace is ds2 = dθ2 + sin2 θdφ21 + cos
2 θdφ22. For this coordinate system the angular
coordinate takes the value in θ ∈ [0, pi/2].
For k = 1, the black hole has the spherical structure (we denote it as S below)
ds2KAS =
ρ2
∆r
dr2 +
ρ2
∆θ
dθ2 − ∆r
ρ2Ξ2
(dt− a sin2 θdφ)2
+
∆θ sin
2 θ
ρ2Ξ2
(adt− (r2 + a2)dφ)2 + r2 cos2 θdΩ21,d−3, (30)
where
∆r := (r
2 + a2)(r2 + 1)− 2m
rd−4
,
∆θ := 1− a2 cos2 θ,
ρ2 := r2 + a2 cos2 θ, Ξ := 1− a2. (31)
For k = −1, the black hole has the hyperbolic space structure (we denote it as H
below)
ds2KAH =
ρ2
∆r
dr2 +
ρ2
∆θ
dθ2 − ∆r
ρ2Ξ2
(dt+ a sinh2 θdφ)2
+
∆θ sinh
2 θ
ρ2Ξ2
(adt− (r2 + a2)dφ)2 + r2 cosh2 θdΩ2−1,d−3, (32)
where
∆r := (r
2 + a2)(r2 − 1)− 2m
rd−4
,
∆θ := 1 + a
2 cosh2 θ,
ρ2 := r2 + a2 cosh2 θ, Ξ := 1 + a2. (33)
For k = 0, the metric of the toroidal rotating black hole (we denote it as T) is
ds2KAT = −N2dt2 +
ρ2
∆r
dr2 +
ρ2
∆θ
dθ2 +
Σ2
ρ2
(dφ− ωdt)2 + r2dΩ20,d−3, (34)
where
∆r := r
4 + a2 − 2m
rd−4
,
∆θ := 1 + a
2θ4,
ρ2 := r2 + a2θ2, Σ2 := r4∆θ − a2θ4∆r,
ω := a
∆rθ
2 + r2∆θ
Σ2
, N2 :=
ρ2∆θ∆r
Σ2
.
The time and angular parts of the metric are
−N2dt2 + Σ
2
ρ2
(dφ− ωdt)2 =
(
− ρ
2∆r∆θ
Σ2
+
Σ2ω2
ρ2
)
dt2 +
Σ2
ρ2
dφ2 − 2Σ
2
ρ2
ωdtdφ. (35)
The coefficient of dt2 is
−ρ
2∆r∆θ
Σ2
+
Σ2ω2
ρ2
=
1
ρ2Σ2
(∆r − a2∆θ)(a2θ4∆r − r4∆θ) = −∆r − a
2∆θ
ρ2
. (36)
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Then dt and dφ parts are summarized as
ρ−2(−∆rdt2 + a2∆θdt2 − 2(aθ2∆r + ar2∆θ)dtdφ− (a2θ4∆r − r4∆θ)dφ2)
= ρ−2[−∆r(dt+ aθ2dφ)2 + ∆θ(adt− r2dφ)2]. (37)
Therefore the metric for torus case can be shown in similar form to the spherical and
hyperbolic cases,
ds2KAT =
ρ2
∆r
dr2 +
ρ2
∆θ
dθ2 − ∆r
ρ2
(dt+ aθ2dφ)2 +
∆θ
ρ2
(adt− r2dφ)2 + r2dΩ20,d−3, (38a)
∆r = r
4 + a2 − 2m
rd−4
, ∆θ = 1 + a
2θ4, ρ2 = r2 + a2θ2. (38b)
To write the above three cases uniformly we define a function sk(θ) such that
sk(θ) =

sin2 θ (k = 1),
sinh2 θ (k = −1),
1 (k = 0),
(39)
and also define a function
tk(θ) := (k
2 − 1)θ2 + ksk(θ). (40)
By these functions the metrics for three cases are summarized as
ds2k,d+1 = −
∆r
ρ2Ξ2
(dt− atk(θ)dφ)2 + ρ2
(dr2
∆r
+
dθ2
∆θ
)
+
∆θsk(θ)
ρ2Ξ2
(adt− (r2 + k2a2)dφ)2 + r2(1− ksk(θ))dΩ2d−3. (41)
The functions in this metric are
∆r = r
4 + (1 + ka2)kr2 + (1 + k − k2)a2 − 2m
rd−4
, (42a)
∆θ = 1− a2(k − k2sk − (1− k2)θ4), (42b)
ρ2 = r2 + a2(k2 − ksk + (1− k2)θ2), Ξ = 1− ka2. (42c)
3.2 d = 4 case
For d = 4 case, it is explicitly written as
ds2k,5 = −
∆r
ρ2Ξ2
(dt− atk(θ)dφ)2 + ρ2
(dr2
∆r
+
dθ2
∆θ
)
+
∆θ
ρ2Ξ2
sk(θ)(adt− (r2 + a2)dφ)2 + r2(1− ksk(θ))dψ2, (43)
where the metric of the sphere part is one-dimensional, that is dΣ2k,1 = dψ
2. We would
like to change the coordinates as before, y = 1/r,
ds2k,5 = −
∆r
ρ2Ξ2
(dt− atk(θ)dφ)2 + ρ2
( dy2
y4∆r
+
dθ2
∆θ
)
+
∆θ
ρ2Ξ2
sk(θ)
(
adt−
( 1
y2
+ a2
)
dφ
)2
+
1
y2
(1− ksk(θ))dψ2, (44)
and define y4∆r =: ∆y and y
2ρ2 =: ρ2y. By this definition,
ds2k,5 =
1
y2
[
− ∆y
ρ2yΞ
2
(dt− atkdφ)2 + ρ2y
(dy2
∆y
+
dθ2
∆θ
)
+
∆θ
ρ2yΞ
2
sk(ay
2dt− (1 + a2y2)dφ)2 + (1− ksk)dψ2
]
. (45)
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In the above the functions in the metric are
∆y = 1 + (1 + ka
2)ky2 + (1 + k − k2)a2y4 − 2myd, (46a)
∆θ = 1− a2(k − k2sk − (1− k2)θ4), (46b)
ρ2y = 1 + (k
2 − ksk + (1− k2)θ2)a2y2, Ξ = 1− ka2. (46c)
The horizon determined by ∆y = 0 is described in Figure 6. For sphere and torus cases,
the angular momentum decreases the horizon radius while the angular momentum
increases the horizon radius for hyperbolic case.
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Figure 6: Angular momentum dependence of the horizon for three cases
The volume form is
−
√
sk(1− ksk)
y5Ξ2
(dt− atkdφ)dydθ(ay2dt− (1 + a2y2)dφ)dψ
=
√
sk(1− ksk)
Ξ2
( 1
y5
+
a2
y3
(1 + tk)
)
dtdφdydθdψ. (47)
The RR4-form, dC4 = 4d(vol), is
C4 = −
√
sk(1− ksk)
Ξ2
( 1
y4
+
2a2
y2
(1 + tk)
)
dtdφdθdψ. (48)
By the same assumption as before, the induced metric is
ds2k,5|ind =
1
y2
[
− ∆y
ρ2yΞ
2
(dt− atkdφ)2 + ρ2y
( y′2
∆y
+
θ′2
∆θ
)
dσ2
+
∆θ
ρ2yΞ
2
sk(ay
2dt− (1 + a2y2)dφ)2 + (1− ksk)dψ2
]
. (49)
For the internal space S5, the metric of subspace S2 is the same as before
ds2S2 = dϕ
2 + sin2 ϕdχ2. (50)
Adding the gauge flux, F = −κ sinϕdϕ ∧ dχ,
gind + F = 1
y2ρ2yΞ
2
[ −∆y + ∆θska2y4 ∆yatk −∆θskay2(1 + a2y2)
∆yatk −∆θskay2(1 + a2y2) −∆ya2t2k + ∆θsk(1 + a2y2)2
]
⊕ ρ
2
y
y2
diag
[ y′2
∆y
+
θ′2
∆θ
, (1− ksk)
]
⊕
[
1 −κ sinϕ
κ sinϕ sin2 ϕ.
]
. (51)
By calculating the determinant,√
−det(gind + F) =
√
1 + κ2 sinϕ
y4Ξ2
√
sk(1− ksk)
√
∆θy′2 + ∆yθ′2
(
1 + (1− tk)a2y2
)
.
(52)
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3.3 The action and the equation of motions
The action is from Eq.52 and Eq.48,
SD5 = −T5
√
1 + κ2
∫
AdS
dtdσdφdψ
∫
S2
dϕdχ
sinϕ
√
sk(1− ksk)
Ξ2
(√
∆θy′2 + ∆yθ′2
1 + (1− tk)a2y2
y4
− κ˜θ′
( 1
y4
+
2a2
y2
(1 + tk)
))
= −4pi(2pi)2T5∆t
√
1 + κ2
∫
dσ
√
sk(1− ksk)
Ξ2(√
∆θy′2 + ∆yθ′2
( 1
y4
+
a2
y2
(1− tk)
)
− κ˜θ′
( 1
y4
+
2a2
y2
(1 + tk)
))
, (53)
where in the second line we performed the integral over S2 and t,φ and ψ on AdS
part. The Lagrangian is
L =
√
sk(1− ksk)
(√
∆θy′2 + ∆yθ′2
( 1
y4
+
a2
y2
(1− tk)
)
− κ˜θ′
( 1
y4
+
2a2
y2
(1 + tk)
))
=: Sk(Φ(y, y
′, θ, θ′)X(y, θ)− κ˜θ′Y (y, θ)). (54)
Here we define the following functions
Φ(y, y′, θ, θ′) :=
√
∆θy′2 + ∆yθ′2, (55a)
Sk(θ) :=
√
sk(1− ksk), (55b)
X(y, θ) :=
1
y4
+
a2
y2
(1− tk), (55c)
Y (y, θ) :=
1
y4
+
2a2
y2
(1 + tk). (55d)
By definition (39), explicitly
Sk(θ) =

1
2 sin(2θ) (k = 1),
1
2 sinh(2θ) (k = −1),
1 (k = 0).
(56)
The derivative for each variables gives
∂L
∂y′
= SkX∂y′Φ,
∂L
∂y
= Sk(X∂yΦ + Φ∂yX − κ˜θ′∂yY ), (57)
∂L
∂θ′
= Sk(X∂θ′Φ− κ˜Y ), ∂L
∂θ
= Sk(X∂θΦ + Φ∂θX − κ˜θ′∂θY ) + ∂Sk L
Sk
. (58)
In the above
∂y′Φ =
∆θy
′
Φ
, ∂yΦ =
1
2
θ′2
∂∆y
Φ
, ∂θ′Φ =
∆yθ
′
Φ
, ∂θΦ =
1
2
y′2
∂∆θ
Φ
, (59)
where ∂ in the front of ∆y means the derivative by y and that in the front of ∆θ and
Sk means the derivative by θ. The equations of motion are(
y′SkX
∆θ
Φ
)′ − SkX∂yΦ− SkΦ∂yX + κ˜θ′Sk∂yY = 0, (60a)(
θ′SkX
∆y
Φ
− κ˜SkY
)′ − SkX∂θΦ− SkΦ∂θX + κ˜θ′Sk∂θY − ∂Sk L
Sk
= 0. (60b)
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By separating the second derivative terms, the first equation of motion is
y′′ + y′
d
dσ
log
(
SkX
∆θ
Φ
)
− 1
2
θ′2
∂∆y
∆θ
− Φ
2
∆θ
∂yX
X
+ κ˜θ′
Φ
∆θ
∂yY
X
= 0 (61)
and the second equation of motion is
θ′′+ θ′
d
dσ
log
(
SkX
∆y
Φ
)
− κ˜y
′∂yY
X
Φ
∆y
− 1
2
y′2
∂∆θ
∆y
− Φ
2
∆y
∂θX
X
− ∂ logSk Φ
2
∆y
= 0. (62)
We fixed the gauge Φ = 1. Let us confirm that this gauge is preserved along the
solution. Φ changes as
d
dσ
(y′2∆θ + θ′2∆y) = 2y′y′′∆θ + 2θ′θ′′∆y + y′2∆′θ + θ
′2∆′y.
By the equations of motion,
d
dσ
(y′2∆θ + θ′2∆y)
= 2y′∆θ
(
− y′ d
dσ
log(SkX∆θ) +
1
∆θ
∂yX
X
− κ˜ θ
′
∆θ
∂yY
X
+
1
2
θ′2
∂∆y
∆θ
)
+ 2θ′∆y
(
− θ′ d
dσ
log(SkX∆y) +
1
∆y
∂θX
X
+ κ˜
y′
∆y
∂yY
X
+
1
2
y′2
∂∆θ
∆y
+
1
∆y
∂ logSk
)
+ y′2∆′θ + θ
′2∆′y
= −2Φ2 d
dσ
log(SkX)− 2(y′2∆′θ + θ′2∆′y) + 2(logX)′ + θ′2∆′y + y′2∆′θ + 2(logSk)′
+ y′2∆′θ + θ
′2∆′y
= 2(1− Φ2) d
dσ
log(SkX).
The last expression is zero by using Φ = 1. Therefore the gauge condition Φ = 1 is
preserved.
For Φ = 1, the equations of motion are simplified as
d
dσ
(y′Sk∆θX)− Sk
(1
2
θ′2∂∆yX + ∂yX − κ˜θ′∂yY
)
= 0, (63a)
d
dσ
(θ′Sk∆yX − κ˜SkY )− Sk
(1
2
y′2∂∆θX + ∂θX − κ˜θ′∂θY
)
− ∂Sk(X − κ˜θ′Y ) = 0. (63b)
Since Y ′ = y′∂yY + θ′∂θY , the second equation can be changed as
d
dσ
(θ′Sk∆yX)− Sk
(1
2
y′2∂∆θX + ∂θX + κ˜y′∂yY
)
− ∂SkX = 0. (64)
The equation of motions are finally
y′′ + y′
d
dσ
log(Sk∆θX)− 1
∆θ
(1
2
θ′2∂∆y +
∂yX
X
− κ˜θ′∂yY
X
)
= 0, (65a)
θ′′ + θ′
d
dσ
log(Sk∆yX)− 1
∆y
(1
2
y′2∂∆θ +
∂θX
X
+ κ˜y′
∂yY
X
)
− ∂ logSk
∆y
= 0. (65b)
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3.4 Behavior in specific regions
Zero angular momentum case In the case where a = 0, X(y, θ) = Y (y, θ) =
1/y4, ∆θ = ρ
2
y = Ξ
2 = 1 and ∆y = 1 + ky
2 − 2myd = Fk(y). The equations become
LHS of y eom
= y′′ + y′
d
dσ
log(SkX)−
(1
2
θ′2∂Fk(y)− 4
y
(1− κ˜θ′)
)
= y′′ + y′
d
dσ
log(Sk)− 1
2
θ′2∂Fk(y) +
4
y
(1− y′2 − κ˜θ′), (66a)
LHS of θ eom
= θ′′ + θ′
d
dσ
log(SkFk(y)X) +
4κ˜y′
yFk(y)
− ∂ logSk
Fk(y)
= θ′′ + θ′
d
dσ
log(Sk) +
θ′y′∂Fk(y)− 4y′(θ′ − κ˜)/y − ∂ logSk
Fk(y)
. (66b)
Then these recovers the static case (25) with sk is replaced with Sk :=
√
sk(1− ksk).
For the zero flux case,
y′′ + y′
d
dσ
log(Sk)− 1
2
θ′2∂Fk(y) +
4
y
(1− y′2) = 0, (67a)
θ′′ + θ′
d
dσ
log(Sk) +
θ′y′∂Fk(y)− 4y′θ′/y − ∂ logSk
Fk(y)
= 0. (67b)
The first equation is satisfied by y = σ and θ = constant. The second equation is
satisfied by θ = const. as long as ∂ logSk = 0. This function is (see (56))
∂ logSk =

2 cot(2θ) (k = 1),
2 coth(2θ) (k = −1),
0 (k = 0).
(68)
Then for spherical black holes, θ = pi/4 is a solution, for toroidal black holes, arbitrary
constant θ is a solution and for hyperbolic black holes, there is no such a solution
(cothx > 1). These also satisfies the gauge constraint: ∆θ = 1, y
′ = 1, θ′ = 0 and
then Φ = 1. Summarizing them we find there is a static solution with zero flux for
k = 1 (θ = pi/4) and k = 0 (θ is constant) while there is no solution for k = −1 in
agreement with the previous case.
Boundary behavior We would like to find the behavior approaching the bound-
ary y → 0.
The factors in the equations behave: ∂∆y → 0 (y → 0) and ∂∆θ is nonzero keeping
θ dependence.
∂θX
X
=
−a2
y2
∂tk(θ)
1
y4
+ a
2
y2
(1− tk)
=
−a2y2∂tk
1 + a2y2(1− tk) → 0 (y → 0), (69)
∂yX
X
=
− 4
y5
− 2a2
y3
(1− tk)
1
y4
+ a
2
y2
(1− tk)
=
−4/y − 2a2y(1− tk)
1 + a2y2(1− tk) → −
4
y
(y → 0). (70)
The derivatives of Y behaves in the same way. The flat AdS solution x = yX = κy
with X = r cos θ gives cos(pi/4 + δθ(y)) = κy. We expect the solution approaches
the solution of the flat AdS case on AdS boundary. In the limit y → 0 and δθ → 0,
δθ′ = κy′. The gauge constraint becomes y′2(∆θ(δθ = 0) + κ2) = 1. By solving it for
y′,
y′(σ = 0) =
1√
∆θ(δθ = 0) + κ2
, δθ′(σ = 0) =
κ√
∆θ(δθ = 0) + κ2
. (71)
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We impose the initial condition as y(σ = 0) = 0, δθ(σ = 0) = 0 and Eq.(71) for their
first derivatives.
3.5 Numerical results
The results are summarized in the following figures. The fist Figure 7 shows the
solution for zero flux and zero angular momentum cases. As discussed in the previous
subsection for a hyperbolic black hole there is not the solution such that the D5-brane
exists in the interior of the horizon.
0.005 0.010 0.015 0.020 0.025 0.030 0.035
y
0.000
0.002
0.004
0.006
0.008
0.010
0.012
0.014
sphere
hyperbolic
torus
Figure 7: Three different topologies (κ = 0, a = 0)
The following four figures show the flux dependence of the D5-brane. Figure 8 is
the sphere case. The black hole mass is fixed to m = 1 and the angular momentum is
fixed to a = 0.1. The slope near the AdS boundary changes according to the boundary
condition y ≈ κδθ|σ=0. We can see the D5-brane is far apart as the flux value grows.
Figure 9 is the hyperbolic case. Even the solution begins with zero slope at the
boundary, it bends to avoid the horizon.
Figures 10 and 11 are the torus case. When the black holes have the angular
momentum a = 0.1, the D5-brane cannot enter the inner of the horizon. Since this
behavior is not easy to see in Figure 10, we plot the zero flux solution in a broad region
in the next figure (Figure 11).
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Figure 8: Spherical case a = 0.1
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Figure 9: Hyperbolic case (a = 0.1)
Figures 12, 13 and 14 show the angular momentum dependence of the D5-brane
solution. Since the flux is fixed to κ = 0.1, the slope at the boundary is δθ = (0.1)× y
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Figure 10: Toroidal case (a = 0.1)
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Figure 11: Toroidal case for a broad region
(a = 0.1)
for all cases. In all cases the brane departs from the center of the black holes for large
angular momentums. A remarkable feature is that while δθ always increases, that is
increases from θ = pi/2 for sphere case, it can decreases for large angular momentum
values for hyperbolic and toroidal black holes. Therefore in the latter two cases the
interface appears in the region pi/2 < θ.
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Figure 12: Angular momentum dependence:
phere (κ = 0.1)
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Figure 13: Angular momentum dependence:
hyperbolic (κ = 0.1)
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Figure 14: Angular momentum dependence:
torus (κ = 0.1)
4 Discussion
In this paper we saw the D5-brane behavior in black hole spacetimes with different
topologies. These solutions approach to the solution on the flat AdS: δθ ≈ κy.
In Section 2 we studied the flux dependence of the D5-brane solution for three
different kinds of topological black holes. As a result, for black holes with hyperbolic
structure the system cannot have the trivial solution θ = constant, while for two other
cases (spherical and the toroidal black holes) there are the trivial solution θ = pi/2
which is the only case the D5-brane can exist in the inner of the horizon. Especially
for toroidal black holes this constant can be chosen to be arbitrary values.
In Section 3 we studied the behavior of the D5-branes with small fluxes. In this
section we introduced the black hole angular momentum. As in the static black hole
cases, this flux value determines the boundary condition of the solution. We saw that
in hyperbolic and the torus case the angular momentum of the black hole changes the
behavior of the D5-brane more strongly than sphere case. The explanation of this
behavior is as follows.
We imposed the boundary condition δθ = κy on the AdS boundary. As we see
in the Figure 8, Figure 9 and Figure 10, the D5-brane can extend towards the region
θ < pi/2 for the hyperbolic and the toroidal cases. Especially tor toroidal black holes
a self-intersection can occur for sufficient large momentum.
Let us see the boundary gauge theories of the AdS black holes. The behavior of
the D5-brane is summarized in Figure 15. In this figure the vertical direction is the
AdS radius y and the horizontal direction represents θ direction.
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Figure 15: Boundary theories for three different topological black holes: In all cases the
slope of the solution near the boundary is θ = κy
Near the AdS boundary the D5-brane bends towards the side where there are the
larger number of D3-brane exist due to the tension of the D3-brane or by the charge
condition
k = −T5
T3
∫
F = κ
piα′
. (72)
The D5-brane edges are realized as interfaces on boundary. For the sphere case,
the gauge groups of the boundary theories are SU(N − k), SU(N) and SU(N − k)
from the left-side to the right-side in the figure.
For the hyperbolic case, solutions with small angular momentum behaves similar
to the sphere case. However, for larger angular momentum the D5-brane can extends
the left side (δθ < 0). This is the case depicted in lower side of hyperbolic case (Figure
15). Following the above rule (D5-branes attract the side where there are the larger
number of D3-branes), we identifies the boundary gauge theories have gauge groups
SU(N), SU(N − k) and SU(N) in this case.
For the torus case, a more interesting phenomena occur: there is a self intersection
of the D5-brane. Similar to the sphere case, there are three gauge groups SU(N − k),
SU(N) and SU(N − k) from left to right for small angular momentum. Growing the
angular momentum, these two interfaces coincide and the middle side SU(N) collapses.
Therefore, considering a continuous deformation, for large angular momentums we find
the gauge groups are SU(N − k), SU(N − 2k) and SU(N − k) from left to right in
the figure (bottom of Figure 15).
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